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Abstract 

We prove a scale-invariant boundary Harnack principle in inner uni- 
form domains in the context of local, regular Dirichlet spaces. For inner 
uniform Euclidean domains, our results apply to divergence form opera- 
tors that are not necessarily symmetric, and complement earlier results 
by H. Aikawa and A. Ancona. 
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Introduction 

The boundary Harnack principle is a property of a domain that provides control 
over the ratio of two harmonic functions in that domain near some part of the 
boundary where the two functions vanish. Whether a given domain satisfies 
the boundary Harnack principle depends on the geometry of its boundary and, 
in fact, there is more than one kind of boundary Harnack principle. For a 
Euclidean domain O, two versions found in the literature are as follows. 

(i) We say that the boundary Harnack principle holds on if, for any domain 
V and any compact K G V intersecting the boundary 9f2, there exists a 
positive constant A = A{n, V, K) such that for any two positive functions 
u and V that are harmonic in and vanish continuously (except perhaps 
on a polar set) along V n we have 

^,<A% v.,x'.xna 

u[x') v(x') 
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(ii) We say that the scale-invariant boundary Harnack principle holds on fl, 
if there exist positive constants Aq, Ai and R, depending only on fi, with 
the following property. Let ^ G 9r2 and r e (0, i?). Then for any two 
positive functions u and v that are harmonic in B{^, A^r) D fl and vanish 
continuously (except perhaps on a polar set) along _B(^,Aor) n dfl, we 
have 

u[x') vyx') 

A third version, important for our purpose and perhaps more natural, would 
replace the Euclidean balls in (ii) by the inner balls of the domain Q,. 

A property similar to (i) was first introduced by Kemper ([2D])- The scale- 
invariant boundary Harnack principle (ii) on Lipschitz domains was proved in- 
dependently in |3| and |34| , a non-scale invariant version was proved in jllj . 

Bass and Burdzy ([9]) used probabilistic arguments to prove property (i) 
on what they call twisted Holder domains of order a E (1/2,1]. The scale- 
invariant boundary Harnack principle is in general not true on Holder domains. 
Aikawa ([T]) proved the scale-invariant boundary Harnack principle on uniform 
domains in Euclidean space. This result was extended to inner uniform domains 
in [3] . Ancona gave a different proof of these results in [5] . For a summary of 
the relationships between the inner uniformity conditions and other conditions 
appearing in the literature, see [2]. Other works on the boundary Harnack 
principle include [71 1^ • 

In [IS], Gyrya and Saloff-Coste generalized Aikawa's approach to uniform 
domains in strictly local, symmetric Dirichlet spaces of Harnack- type that admit 
a carre du champ. Moreover, they deduced that the boundary Harnack principle 
also holds on inner uniform domains, by considering the inner uniform domain 
as a uniform domain in a different metric space, namely the completion of the 
inner uniform domain with respect to its inner metric. 

In this paper, we extend the result of |15| in two directions. First, we consider 
"Dirichlet forms" that allow lower order terms and non-symmetry. Second, 
we prove the boundary Harnack principle directly on inner uniform domains 
without assuming the existence of a carre du champ. 

We follow Aikawa's approach, but with the Euclidean distance replaced by 
the inner distance of the domain. A crucial Lemma in our proof concerns the 
relation between balls in the inner metric and connected components of balls 
in the metric of the ambient space, see Lemma 13.81 This relation was already 
used in [5] to prove a boundary Harnack principle on inner uniform domains 
in Euclidean space. Ancona ([5]) also treated second order uniformly elliptic 
operators with some lower order terms, under the additional condition that the 
domain is uniformly regular. Following Aikawa's line of reasoning, we do not 
need the domain to be uniformly regular. 
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Our main result is Theorem 14. 2 1 We now explain how it applies to Euclidean 
space. Formally, let 



Lf = J2 9J{a^,J^J) - J2 b^^^f + J2 - cf. (1) 

— 1 i—1 i—1 

Assume that the coefficients a = {ai.j), b = [bi), d — {di), c are smooth and 
satisfy c - div6 > 0, c - divd > 0, and, G W\ J2^,J o-i-A^^j > ^ > 0- 

Theorem 0.1. Let L be the operator defined above and let (Z R" be an inner 
uniform domain. There exists C — C{Q) > and for each R £ (0, C • diam(ri)) 
there exist Aq,Ai e (0, oo), depending on Q, R and on the coefficients a, b, 
c and d, such that the scale- invariant boundary Harnack principle holds in the 
following form. For any ^ g dn^, r g (0, R) and any two positive functions 
u and V that are local weak solutions of Lu ^ in B^{S^, Agr) D Q and vanish 
weakly along B^{£^, Agr) D d^fl, we have 

—r-p:<Ai—— yx,x e Bf^{^,r). 
u(x') v(x') 

Moreover, if b = d = c = then the constants Aq and Ai are independent of R. 

Here, by a local weak solution u on a domain U C M" we mean a function 
that is locally in the Sobolev space W^{U) of all functions in L'^{U) whose 
distributional first derivatives can be represented by functions in L'^{U), and 
satisfies J Lutp = ior all test functions tp in Wq{U), the closure of C^{U) 
(the space of all smooth, compactly supported functions on U) in the VF^-norm 
II 'Hi + 11^ 'Hi- ^ weak solution u vanishes weakly along dfl if u is locally 
in Wo^(fi) near U dft. See Section Fl.ll The definition of a ball in the 
inner metric is given in Section 13. 3[ d^B^ denotes the boundary of the ball 
with respect to its completion in the inner metric. 

In Section [1] and [2l we review some general properties of Dirichlet spaces 
and describe the conditions that we impose on the space. Moreover, we state a 
localized version of the parabolic Harnack inequality for local weak solutions of 
the heat equation for second-order differential operators with lower order terms. 
In Section [3] we prove estimates for the heat kernel on balls and for the capacity 
of balls. After recalling the definition and some properties of inner uniform 
domains, we give estimates for Green functions on inner balls intersected with 
an inner uniform domain. In SectionlH we give a proof of the boundary Harnack 
principle. 

1 Preliminaries 

1.1 Local weak solutions 

Let X be a connected, locally compact, separable metrizable space, and let /i be 
a non-negative Borel measure on X that is finite on compact sets and positive 
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on non-empty open sets. Let {£,D{S)) be a strictly local, regular, symmetric 
Dirichlet form on L'^{X,^). We denote by {L,D{L)) and {Pt)t>o the infinites- 
imal generator and the semigroup, respectively, associated with {£,D{£)). See 

m- 

There exists a measure-valued quadratic form dT defined by 

J f dViu, u) = Siuf, u) - ^if, u^), V/, u E D{£) n 

and extended to unbounded functions by setting T{u,u) = lim„_>oo r(u„, u„), 
where u„ = max{min{u, n}, — n}. Using polarization, we obtain a bilinear form 
dr. In particular, 

E{u,v) — j dr{u,v), Wu,v E D{£). 
Let U C X he open and connected. Set 

T,,^{U) = {/ e Ll^iU) : V compact K dU, 3/» e D{£)J = a.e.} 

For /,g e TUU) we define r(/,5) locally by T{f,g)\^ = r(/«,5»)|^, where 
K d U \s compact and are functions in D{£) such that f — fK 9 = 9^ 

a.e. on i^T. 
Define 

= {li e : / / dr(w,u) < cx)}, 

Ju Ju 

= {u e ^(C/) : The essential support of u is compact in U}. 

The intrinsic distance d := dg induced by {£,D{£)) is defined as 

d£{x,y) :^snp{fix)- fiy): f eTUX)nC{X), dT{fJ)<d^i}, 

for all X, y S -'f , where C{X) is the space of continuous functions on X. Consider 
the following properties of the intrinsic distance that may or may not be satisfied. 
They are discussed in [211 [22] ■ 

The intrinsic distance d is finite everywhere, continuous, and defines 

the original topology of X. (Al) 

{X, d) is a complete metric space. (A2) 

Note that if (Al) holds true, then (A2) is by [3TJ Theorem 2] equivalent to 

Va; G X, r > 0, the open ball B{x,r) is relatively compact in {X,d). (A2') 

Moreover, (Al)-(A2) imply that {X,d) is a geodesic space, i.e. any two points 
in X can be connected by a minimal geodesic in X. See [31] Theorem 1]. If 
(Al) and (A2) hold true, then by [29l Proposition 1], 

dsix, y) sup {f{x) - f{y) : / G D{£) n C^{X), dr{f, f) <dfi}, x,y & X. 
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It is sometimes sufficient to consider property (A2') only on a subset Y of X, 
tfiat is, 

For any ball B{x,2r) C Y, B{x,r) is relatively compact. {A2-Y) 

Definition 1.1. Let V be an open subset of U. Set 

J'LiU, V)={f e LlJV, ii) : V open AdV rel. compact in U with 
du{,A, [/ \ y) > 0, 3/« e ^0(C/) : /« = /^-a.e. on A}, 

where 

d(7(A,C/\V^) = inf {length(7)|7 : [0,1] ^ U continuous, 7(0) e ^,7(1) G U\V} 
and 

length(7) = sup|^c^^:(7(^,),7(^^-l)) : e N, < io < • ■ • < < l| ■ 

Remark 1.2. Suppose (Al), {A2-Y) are satisfied. Let U d Y . Then du — d^-o , 
where £^ is the Dirichlet-type form on U defined in Definition 13.11 below. See, 

e.g., m- 

Definition 1.3. Let V C U he open and / G J^^{Vy , the dual space oi J^^{V) 
(identify L^{X,iJ,) with its dual space using the scalar product). A function 
u : — )• M is a local weak solution of the Laplace equation —Lu = f in V, if 

(i) u G TUV), 

(ii) For any function (j) £ J^^{V), £{u,(f)) — J f(j)d^. 
If in addition 

ueT^jU,V), 

then u is a local weak solution with Dirichlet boundary condition along dU. 

For a time interval / and a Hilbert space H, let L^{I H) be the Hilbert 
space of those functions v : I ^ H such that 

1/2 



\v\\l^(i^h) = (yj \\v{t)\\]idt^ < 00. 



Let W^{I H) d L'^{I ^ H) be the Hilbert space of those functions v : I ^ H 
in L^{I -> H) whose distributional time derivative v' can be represented by 
functions in L^(I — >■ if), equipped with the norm 

\Hwm^H) = (^lMmH + \Wmj,dt^ ' <oo. 
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Let 

F{I X X) = L^{I D{£)) r\W^{I-^ D{£)'), 
where D{£)' denotes the dual space of D{£). Let 

^loc(/ X U) 

be the set of all functions u : I xU such that for any open interval J that 
is relatively compact in I, and any open subset A relatively compact in U, there 
exists a function u" e T{I x U) such that = u a.e. in J x A. 
Let 

J'c(/ X {/) = {w e J-'ioc{I X U) : u{t, •) has compact support in U for a.e. t G I}. 

For an open subset VcU, let Q = IxV and let 

be the set of all functions u : Q M. such that for any open interval J that is 
relatively compact in /, and any open set A C ^ relatively compact in U with 
du{A, U \ V) > 0, there exists a function G J^{I x U) such that = u a.e. 
in J X A. 

Definition 1.4. Let / be an open interval and V C U open. Set Q = I x V . 
A function u : Q — >■ M is a local weak solution of the heat equation §iU = Lu in 
Q, if 

(i) uGFUQ), 

(ii) For any open interval J relatively compact in J, 

V0eJ;(Q), / / ^u<i)diidt+ [ £{u{t,-),(l){t,-))dt = 0. 
J J Jv J J 

If in addition 

we J-l(C/,0), 

then u is a local weak solution with Dirichlet boundary condition along dU. 

1.2 Volume doubling, Poinceire inequality, and Hcirnack 
inequality 

We say that {X, fi) satisfies the volume doubling property on Y, if there exists 
a constant Dy € (0, oo) such that for every ball B{x, 2r) C Y, 

V{x,2r) < DYV{x,r), (VD) 

where V{x, r) = ^{B{x, r)) denotes the volume of B{x, r). 
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The symmetric Dirichlct space {X^ , D{£)) satisfies the weak Poincare 
inequality on Y if there exists a constant Py G (0,oo) such that for any ball 
B{x,2r) C Y, 

V/ G D{£), [ 1/ - /spd/. < Py / dr{f, /), (PI) 

JB(x,r) JB(x,2r) 

where /s = ^,7^ /^(a:,^) Z'^'" ^^^^ "i^^'^ °f / B{x,r). 
For any s e M, r > b, 5 e (0, 1) and B{x, 2r) C Y, define 

7 = (s - Tr^,s) 

B = B{x,r) 
Q = I xB 

0_ = (s - (3 + (5)TrV4, s " (3 - 5)TrV4) x (5B 
Q+ = {s~ (l + S)Tr^/4,s) X (55. 

Definition 1.5. The operator {L, D{L)) satisfies the parabolic Harnack inequal- 
ity on Y if, for any r > 0, ^ e (0, 1), there exists a constant Hy{t, 5) € (0, 00) 
such that for any ball B{x, 2r) C Y, any s G M, and any positive function 
u G J-loc(Q) with ^ = Lu weakly in Q, the following inequality holds. 

sup u{z) < Hy inf u{z) (PHI) 
zeQ- ^^Q+ 

Here both the supremum and the infimum are essential, i.e. computed up to 
sets of measure zero. 

The parabolic Harnack inequality implies the elliptic Harnack inequality, 

sup u{z) < H{r inf u{z), (EHI) 

zeB(x,r) zGB{x,r) 

where u is any positive function in J-"ioc(Q) with Lu = weakly in B{x,2r). 
Recall also that (PHI) implies the Holder continuity of local weak solutions. 

Theorem 1.6. Let {X, fi, £, D{£)) he a strictly local, regular, symmetric Dirich- 
lct space. Assume that the intrinsic distance ds satisfies (A1)-(A2). Then the 

following properties are equivalent: 

• {L,D{L)) satisfies the parabolic Harnack inequality on X. 

• The volume doubling condition and the Poincare inequality are satisfied 
on X. 

• The semigroup {Pt)t>o admits an integral kernel p{t, x, y), t > 0, x,y G X , 
and there exist constants ci, 02,03,04 > such that 

ci / d£{x,yf \ C3 f ds{x,yf 

exp — < p{t, X, y) < — ^ cxp 



V{x,Vt) \ C2t J V{x,y/t) \ Cit 

for all x,y G X and all t > 0. 
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Proof. For a detailed discussion see P ] . [50]. [5 ^ . and ^5]. 



□ 



The following theorem is a special case of Theorem 12.81 below. 

Theorem 1.7. Let {X, fi,£, D{£)) he a strictly local, regular, symmetric Dirich- 
let space andY C X. Suppose that {£,D{£)) satisfies (Al), {A2-Y), the volume 
doubling property (VD) on Y and the Poincare inequality (PI) on Y. Then 
{L,D{L)) satisfies the parabolic Harnack inequality on Y. The Harnack con- 
stant depends only on Dy, PY,T,d. 

Definition 1.8. If each point x G X has a neighborhood Y^ for which the 
hypotheses of the above theorem arc satisfied, then we say that the space is 
locally of Harnack-type. 

Examples 1.9. (i) Let {M,g) be a Riemannian manifold of dimension n. 
Since M is locally Euclidean, it is locally of Harnack-type. Suppose the 
Ricci curvature of M is bounded below, that is, there is a constant K > 
so that the Ricci tensor is bounded below hy TZ > —Kg. Then the 
volume doubling condition and the Poincare inequality hold uniformly on 
all balls Yx = B{x,r), x G M, r G (0, i?), with constants Dm and Pm 
depending on ^/KR, hence the parabolic Harnack inequality holds. See 
[28l Section 5.6.3]. In particular, if A' = then volume doubling and 
Poincare inequality hold true globally with scale-invariant constants. 

(ii) Let M be a complete locally compact length-metric space of finite Haus- 
dorff dimension n>2. M is called an Alexandrov space, if its curvature is 
bounded below by some if e M in the following sense. For any two points 
x,y G M, let "fxy be a minimal geodesic joining x to y with parameter 
proportional to the arc-length. Then for any triangle Axyz consisting of 
the three geodesies jxy, lyz, Izx, there exists a comparison triangle I\xyz 
in a simply connected space of constant curvature K such that 



d{'^xy{s),-ixz{t)) > d{-fiy{s),-fii{t)) foranys,te [0,1]. 

Alexandrov spaces arise naturally as limits (in the Gromov-HausdorfF 
topology) of sequences of closed Riemannian manifolds M{n, K, D) of di- 
mension n, diameter at most D, and with sectional curvature bounded 
below by a: e M. 

On any Alexandrov space there is a canonical strictly local, regular, sym- 
metric Dirichlet form {£,D{£)) on L^{M,H"), where "H" is the HausdorfT 
measure in dimension n, given by 



d{x,y) = d{x,y), d{y,z) = d{y,z), d{z,x) = d[z,x) 



and 
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D{£)^W^{M). 

The inner product (•,•), the gradient V and the Sobolev space Wq{M) are 
Riemannian hke objects that are provided by the Alexandrov space struc- 
ture. Concrete descriptions of these objects as weh as of the associated 
infinitesimal generator (Laplacian) are given in pT| . 

Let y C M be open and relatively compact. Like in the case of a manifold 
with Ricci curvature bounded below, it is proved in |STj that the Dirichlet 
form {£,D{£)) satisfies the volume doubling condition and the Poincare 
inequality on Y , as well as conditions (Al) and (A2-F). 

(iii) Let be an open, connected subset of M". Let X^, < i < fc, be smooth 
vector fields on i?" which satisfy Hornianders condition, that is, there is 
an integer N such that at any point x in £7, the vectors Xi{x) and all their 
brackets of order less than + 1 span the tangent space at x. Let cj be a 
smooth positive function on R" such that w and w"^ are bounded. Then 
the symmetric Dirichlet form 

£{f.9)^ I y^X,}X,gu:dii, f,geD{£), 

where the domain D{£) is the closure of C^{VL) in the {£{■, •) + II • II2)- 
norm, is sub-elliptic. That is, for any relatively compact set U there exist 
constants c, e such that 

^(/,/)>cii/iiL, f^c^m, 

where = / + 1^1')^^^ See [l7]. 

The distance ps induced by {£,D{£)) satisfies conditions (Al)-(A2), see 
|19) . Moreover, the Poincare inequality, [TH], and the volume doubling 
condition, [57], hold true locally. 

2 The Dirichlet form {£,D{8)) 

2.1 Non-symmetric forms 

Definition 2.1. Let {£,D{£)) be a bilinear form on L'^{X,p). Let = 
v) +£{v, u)) be its symmetric part and f "'"'"(u, v) = (w, v) — £{v,u)) 
its skew-symmetric part. Then {£,D{£)) is called a coercive closed form, if 

(i) D{£) is a dense linear subspace of L^{X,iJ,), 

(ii) {£''^"\D{£j) is a positive definite, closed form on L^(A, (u), 

(iii) {£,D{£)) satisfies the sector condition, i.e. there exists a constant Cq > 
such that 

\£^^-{u,v)\ < Co{£iu,u) + {u,u)y^\£iv,v) + («,«))'^', 
for aU u,v e D{£). 
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Coercive closed forms are discussed in [21]. Every coercive closed form 
{£,D{£)) is associated uniquely with an infinitesimal generator {L,D{L)) and 
a strongly continuous contraction semigroup {Pt)t>o- Furthermore, the form 

D{£*) -.^DiS). 

is also a coercive closed form. Its infinitesimal generator {L* , D{L*)) is the 
adjoint operator of {L,D{L)), and for its semigroup {Pf)t>o, -Pj* is the adjoint 
of Pt for each t > 0. If these semigroups admit continuous kernels p* and p, 
respectively, then the kernels are related by 

P*{t,x,y) ^ p{t,y,x), yt > 0,\/x,y e X. 

For any / e L'^{X, ^), let /+ = max{/, 0} and / A 1 = min{/, 1}. 

Definition 2.2. A Dirichlet form {£, D{£)) is a coercive closed form such that 
for all w e D{£) we have m+ A 1 G D{£) and the following two inequalities hold, 

£{u + M+ A 1, u - u+ A 1) > 0, 
£{u-u+ M,u + u+ M)>Q. 

This definition is equivalent to the property that the semigroup {Pt)t>o associ- 
ated with the coercive closed form [£,D{£)) and its adjoint {P^)t>o are both 
sub-Markovian. 

The symmetric part of a local, regular Dirichlet form can be written 
uniquely as 

5) = £'{f,9) + J fgdn, for all f,g e D{£), 

where f ° is strictly local and k is a positive Radon measure. Let F be the energy 
measure of the strictly local part £'' . 

Example 2.3. On Euclidean space, consider the form 

aijdifdjgdx + '^bidifgdx+ '^fdidigdx+ cfgdx, 

i.j — l i—1 i—1 

where the coefficients a = (oij), b — (hi), d = (di), c are bounded and measur- 
able with c — div 6 > and c — div d > in the distribution sense, and, G K" , 
E»j a^jC^Cj > e|^P, e > 0. Then {£,D{£)) with domain D{£) = W^{W) is a 
Dirichlet form. 

Set (iij := (flij +aj^i)/2 and dij = {a.ij ~aj^i)/2. Then the symmetric part 
of £ is 

d^,J^,f^Jgdx+ / ^ ' ^ ' difgdx 

2,j = l 1 = 1 
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+ y ^ / ^'^^'' digdx + j cfgdx, 
while the skew-symmetric part of £ is 

V dijdifdjgdx + / ^ ' ' difgdx 

— hy — -digdx. 

The symmetric part can be decomposed into its strictly local part 
^"{1,9)= X] / O'ijdifdjgdx 



and its killing part, where k is given by 

j ^dK = ^ j{c- divb + c - divrf)V dx, V e Co°°(M"). 

2.2 Assumptions on the forms 

Let X be a locally compact, separable mctrizable space and let /i be a non- 
negative Borel measure on X that is finite on compact sets and positive on 
non-empty open sets. We fix a symmetric, strictly local, regular Dirichlet form 
{£, D{£)) on L'^{X, ji) with energy measure V. Let Y d X and assume that the 
intrinsic metric d = d^ satisfies (Al)-(A2-y). 

Let {£, D{£)) be a (possibly non-symmetric) local bilinear form on L'^{X, fi). 

Assumption 1. (i) {£,D{£)) is a local, regular Dirichlet form with domain 
D{£) = D{£) . Let Co he the constant in the sector condition for {£, D{£)). 

(ii) There is a constant C\ G (0, oo) so that for allt > and all f,g G J^ioc(5^) 
with fg € J'ciY), 

C^'J f^dt{g,g) < j f^dT{g,g) < C, J f^dr{g,g), 

where F is the energy measure of £\ 

(Hi) There are constants C2,Cz € [0,oo) so that for all f G J^ioc{Y) with e 

MY), 

J f^dn < 2 f^di^j ' [C2 j dt{f, f) + C^j f^di^ ' 
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(iv) There are constants GjjCs £ [0,oo) such that for all f € Tig^{Y), g S 

\S'''-{fJg')\ <2 (^J fdrig,g)y (^C^ J g'dr{f, f) + C5 J fg^dfi 
Assumption 2. There are constants C^^Cj e [0,cxd) such that 

|f"™(/,rV)| <2(^y dt{g,g)y {c^ J g^ dr {log f, log 

J dr{g,g) + J g'dt {log f, log (^Cr J g'dfi 

for all f e T,,,{Y) with f + f-^ G L^, and all g G T,{Y) n L°°(r). 

Remark 2.4. (i) Assumptions [T] and [2] are more restrictive than Assump- 
tions 2 and 3 in [52]. Here, we assume in addition that {£,D{£)) is a 
time-independent Dirichlet form. In particular, {£,D{£)) is positive defi- 
nite and Markovian. 

(ii) Assumption [l]fMj holds if and only if for all / G T^{Y), 

C^H{f,f)<£^{fJ)<C,£{f,f). 

See, e.g., [26]. 

(iii) £ satisfies the above assumptions if and only if the adjoint £*{f,g) ■= 
£{g, f) satisfies them. 

(iv) If Assumption [ijiv) is satisfied with C4 — 0, then Assumption [2] is satisfied 
with Ce = 0. To sec this, apply Assumption (Ijiv) to £t^°^{f,f~^g'^) = 

(v) Assumptions[T]and[2]are satisfied by the classical forms on Euclidean space 
associated with example given in the introduction. The constants C4, Cg 
can be taken to be equal to only if aij is symmetric for all i, j, and C2, 
C5, C^ can be taken to be equal to only \i bi = di = Q for all i (i.e., if 
there is no drift term). 

Let 

C's '■= C'2 + C3 + C5 -I- C7. 
Let {L,D{L)) be the infinitesimal generator of {£,D{£). 



2.3 Parabolic Harnack inequality 

Let {X, ij,,£ , D{£)) be a strictly local, regular Dirichlet space and Y C X. 
Let {£,D{£)) satisfy Assumptions [1] and [2j Let {L,D{L)) be the infinitesimal 
generator associated with {£,D{£)). 
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Definition 2.5. Let V C U C X he open subsets. Let / G T^{V). A function 
u : V" — > M is a local weak solution of Lu = f in V, if 

(i) u e TUV) 

(ii) For any function (j) S .F<,(V^), £{u,(p) = J f(j)d^. 
If in addition 

then w is a local weak solution with Dirichlet boundary condition along dU. 

Definition 2.6. Let / be an open interval and V C U open. Set Q — I x V . 
A function u : Q — >■ M is a local weak solution of the heat equation ^ = Lu in 

(i) u e J^UQ), 

(ii) For any open interval J relatively compact in /, 

V0 e J-,(Q), J^J^-^^u(bd^idt + J^£{u{t, •), = 0. 

If in addition 

then w is a local weak solution with Dirichlet boundary condition along dU. 

Analogously to Definition 11.51 we can describe the elliptic and parabolic 
Harnack inequalities for local weak solutions of Lu — and ^ — Lu. 

Remark 2.7. An equivalent definition of a local weak solution of ^it = Lu on 
Q = / X y is 

(i) u e L^{I^D{£)), 

(ii) For any open interval J relatively compact in /, 

"// + / = 0, 

for all 4> £ J^iQ) with compact support in J x F. 
See [12]. 

Theorem 2.8. Let {X, ii,£, D{£)) and {£,D{S)) be as above and Y C X. 
Suppose that {£,D{£)) satisfies Assumptionsl^\^ and {£,D{£)) satisfies (Al), 
{A2-Y), the volume doubling property (VD) on Y and the Poincare inequality 
(PI) on Y . Then L satisfies the parabolic Harnack inequality on Y . The Harnack 
constant depends only on Dy, Py , 5, C1-C7 and an upper hound on C^r^ . 

Proof. See [12] • □ 
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Corollary 2.9. Let {X, fi,S,D{£)), {S,D{£)) and Y C X be as in Theorem 
\2.8l Fix T > and 6 G (0,1). Then there exist /3 e (0,1) and H e (0,oo) 
such that for any B{x, 2r) <Z Y , s > 0, any local weak solution of -^u = Lu in 
Q = {s — Tr'^,s) X B{x,r) has a continuous representative and satisfies 

r \u(t,y)-u(t',y')\ \ H 
sup <^ „ ' /o ; / ' ^ < -T sup \u\ 

where Q_ = (s - (3 + S)Tr'^/A, s - (3 - 6)Tr'^/A) x B{x, Sr). The constant H 
depends only on Dy , Py , t, 5, C1-C7 and an upper hound on C^r^ . 

Proof See, e.g., □ 

3 Green functions estimates and inner unifor- 
mity 

Let (X, fi,£ , D{£)) be a symmetric, strictly local, regular Dirichlet space and 
Y C X. Suppose (Al)-(A2-y), the volume doubling condition (VD) on Y 
and the Poincare inequality (PI) on Y hold. Suppose that {£,D{£)) satisfies 
Assumptions [1] and [2l Recall that by Theorem 12. 8[ L and L* satisfy (PHI) on 
Y. 

3.1 Dirichlet-type Dirichlet form and heat kernel 

Definition 3.1. Let U be an open subset of X. The Dirichlet-type form on U 
is defined as 

f^(/,5)=f(/,5), f,9eDi£l]), 

where the domain D{£^) = F^{U) is the closure of the space C^{U) of all 
smooth functions with compact support in U. The closure is taken in the norm 

£^MJ)i^{£^{fj) + J^f'df,y. 

The form {£^ ,D{£^)) is associated with a semigroup Pffit), t > 0. Us- 
ing the reasoning in [30l Section 2.4], one can show that the semigroup has a 
continuous kernel Pjj{t, x, y). Moreover, the map y 1— > p^{t, x, y) is in J-^{U). 

3.2 Capacity 

For a > 0, let 

f„(-,-) =^(-, •)+«(•, Ol^- 
For any open set A in an open, relatively compact set U d X define 

Cam = {w e D{£[l) ■.w>l a.e. on A). 

If Ca.u 7^ 0, there exist unique functions eA,a,&A,a G i^A,u such that for all 
w £ Ca,u it holds 

£a{eA,a,'w) > £a{eA )• (3) 
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Notice that this implies that Sa{eA,a, SA.a) = £a{eA,a,eA.a) — £a{(iA,a, (iA,a)- 

Moreover, for any open A such that Ca,u ^A,a is the smallest function u 
on U such that m A 1 is a a-excessive function in D{£^) and m > 1 on A. See 
m Proposition III. 1.5]. 

The a-capacity (with respect to {£,D{£))) of A in [/ is defined by 



\ £a{eA,a,eA,a), Ca,U ' 

I +0O, Ca,u = 



The a-capacity is extended to non-open sets A C U hy 

Capy = inf{Capy_„(B) : A C B C U, B open}. 

The 0- capacity is defined similarly, with £a replaced by £ and D{£^) re- 
placed by the extended Dirichlet space Fe- J^e is defined (see [13]) as the family 
of all measurable, almost everywhere finite functions u such that there exists an 
approximating sequence Un G D{£l^) that is f^-Cauchy and u = limw„ almost 
everywhere. 

By [ini Proposition VI. 4. 3], eA,o = G^va^ where va is a finite measure 
with supp(!/a) contained in the completion of A, and G'y is the Green function 
associated with £^ (see [lOl page 256]). Thus, 

Cap[/.o(^) = f(eA,o,e^,o) ^ £{GuVA,<iA,o) = / CAfldvA ^va{U). 



Let Ga,\ijj^^{A) — f ^(e^ qj ^j) be the a-capacity with respect to the strictly 
local part f ° of the symmetric part f"*"". 

Lemma 3.2. Let a e (0, 1]. For any set A in U d Y , 

where C = (1 + CoCi/a) (l -I- infje/a + ^ max{C2, Ca/a}}) . 

Proof. It suffices to consider an open set A C U. By ([3]), the Cauchy-Schwarz 
inequality, the sector condition and Assumption [TJ 

£a{BA,cn SA,a) l£ £a{sA,cn S-'ji^a) 

1/2 / N 1/2 



< {I + CoCi/a)(^£aie\^, e\„)j (£a{eA 

/ sl/2/ sl/2 

^A,aT^A,a)) [£a{BA,a, GA.a) j j 

where C = (1 + CoCi/a) (l + infe{e/a + ] max{C2, Cs/a}}). Hence, 
Cap,y,„(A) =f„(eA,a,eA,a) < C^£^JeX^,e''Aj = C^CapuAA) 
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On the other hand, by ^ and the Cauchy-Schwarz inequahty, 

1/2 / s 1/2 



< 

Therefore, 

□ 

Theorem 3.3. Suppose {X, fi, £, D{£)) satisfies (Al)-(A2-r), (VD) onY and 
(PI) on Y, and {£,D{£)) satisfies Assumptions{Ji and\^ Then there are con- 
stants a, A £ (0, oo) such that for any r £ (0, R) and any ball B{x, 2R) d Y we 
have 



A- 



-ds < [Caps^,^j,^^^„{B{x,r))) <A yA^^ds. (4) 



vix,s) - \^"^^'">'"' ' ' "J - J, Vix,s) 
The constant A depends only on Dy , Py , o.nd an upper bound on 

(1 + C^Ci/af + inf{e/a + i maxjCa, Ca/a}}^ , 

where a = min{l, A^j} and is the smallest Dirichlet eigenvalue of ^L'^"' on 
B{x,R). 

Proof. Let r <E (0, R) and B = B{x, r). First, consider the estimate 

The lower bound is proved in [31] Theorem 1] using the strict locaUty of 
The upper bound can be proved as in \XM Lemma 4.3] using the heat kernel 
estimates of Theorem 13. 101 below. 

If (£, D{£)) is symmetric and strictly local, then Cap^^^ pr^ o{B) is the same 

as Cap5(^ 0(5), hence the assertion follows. Otherwise, we show that the 
two 0-capacities are comparable. 

In view of Lemma 13. 2[ it suffices to show that 



and 

^^VB{x,R)fl{B) X Cap5(^j^)^(i?), 
for some a € (0, 1]. Let 

\r := mf — y-^- > 

0^f&J^O(^B{x,R)} J f^dn 
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be the lowest Dirichlct eigenvalue of — on B{x,R), and a = mm{l, Xj^}. 
Then for any / G T°{B{x, i?)), 

Let / S J^5 ^<="'«) ^ Then there is an approximating sequence (/„) in T'^{B{x, R)) 
such that ji){fn - fm, fn - fm) ^ as n, TO oo, and /„ f almost 
everywhere. Thus, 

^B{x,R),aifn ~ fm, fn — fm) < '^^B{x,R)ifn ^ fm, fn — fm) 0. 

So j"g^<^'"' = J^'^ {B {x , R)) . Hence, by ([3]) and the sector condition, 

C^PB{x,R),aiB) = £aieB.a,eB.a) < (1 + CqCi /a)^f a (es,0 , SB.o) 

<2(l + CoCi/a)2CapB(,,^),o(B). 

On the other hand, 

f (es,o,es,o) < £{eB^o,eB,a) < (1 + C'oCi/a) £a{eB^o, eB,Q)^^^£a{eB,a, eB,a)^^'^ 
< V2{1 + CoCi/a) £{eB,o, eB,o)^^^£cieB,a,eB,a)^^^ ■ 

Hence, 

C^PBix,R)AB) < 2il + CoC,/a)^Capsix,H)JB). 
Similar, we can show that 

Caps (B) X Caps 

{x,R),a 

(B). 

□ 

Remark 3.4. The Dirichlet eigenvalue Xu is bounded below by 



for some constant C > depending on Dy and Py- See [El Theorem 2.6]. 
From now on, we only consider the 0-capacity, and thus drop the index 0. 

3.3 (Inner) uniformity 

Let D, d X he open and connected. The inner metric on 57 is defined as 
dn{x,y) ~ inf |lcngth(7)|7 : [0, 1] — > continuous, 7(0) — a::,7(l) — y] . 

Let fl be the completion of fl with respect to dn. Whenever we consider an inner 
ball B^{x, R) = {y e Q : dn{x, y) < R} or Bi^{x, R) — B^^{x, R) n il, we assume 
that its radius is minimal in the sense that B^^{x,R) 7^ B^(x,r) for all r < R. 
Let dnB^{x, r) be the boundary of the ball with respect to its completion in the 
inner metric. If x is a point in fi, denote by 5n{x) — d(x,X \ fl) the distance 
from X to the boundary of Q. 
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Definition 3.5. (i) Let 7 : [a, /3] — > be a rectifiable curve in Q. and let 
c G (0, 1), C e (1, 00). We call 7 a (c, C)-uniform curve in if 

fe(7(t)) >c-min{d(7(a),7(i)),d(7(t),7(/3))}, for alH G [a, /3], (6) 

and if 

lengtli(7) <C-d(7(a),7(/3))- 

The domain f2 is called (c, C)-unijorm if any two points in f2 can be joined 
by a (c, C)-uniforni curve in Vt. 

(ii) Inner uniformity is defined analogously by replacing the metric d on X 
with the inner metric on fJ. 

(iii) The notion of (inner) [c^C] -length-uniformity is defined analogously by 
replacing ^(7(0), 7(6)) by length(7| ^^j). 

The next proposition is taken from |15[ Proposition 3.3]. See also 25. Lemma 
2.7]. 

Proposition 3.6. Assume that {X,d) is a complete, locally compact length 
metric space with the property that there exists a constant D such that for any 
r > 0, the maximal number of disjoint balls of radius r/4 contained in any ball 
of radius r is bounded above by D. Then any connected open subset U d X is 
uniform if and only if it is length-uniform. 

Let f2 be a (c„, C„)-inner uniform domain in {X, d). 

Lemma 3.7. For every ball B = B^^{x, r) in {Q, dji) with minimal radius, there 
exists a point Xr & B with dn{x,Xr) — r/A and d{xr,X \ fi) > c„r/8. 

Proof. This is immediate, see |15] Lemma 3.20]. □ 

The following lemma is crucial for the proof of the boundary Harnack prin- 
ciple on inner uniform domains, rather than uniform domains. A version of this 
lemma was already used in [5] to prove a boundary Harnack principle on inner 
uniform domains in Euclidean space. 

Let p : Q —> he the natural projection. For any x £ fl and any ball 
D = B{p{x), r), let D' be the connected component of il that contains x and so 
that Z?' n f2 is a connected component oi D Dfl. 

Lemma 3.8. Suppose 11 has the volume doubling property on Y G X. Then 
there exists a positive constant Cji such that for any ball D = B{p{x),r) with 
X eil and B{p{x),Ar) C Y, 

B^{x,r) CD' C B^{x,Cnr). 

The constant Cn depends only on Dy and the inner uniformity constants c«, 

Cu ofn. 
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Remark 3.9. For any a; <E 17, r > 0, 

D'nn = {yen: ddiam(a;, y) < r}, 

where the inner diameter metric ddiam is defined as 

'^diam(a^7 2/) ■= inf{diani(7) : 7 path from a; to y m Q,}, 

and the diameter is taken in the metric d of the underlying space {X,d). On 
Euchdean space, Lemma 13.81 is immediate from the fact that the inner diameter 
metric is equivalent to the inner (length) metric dfi, see [331 Theorem 3.4]. 

Proof of Lemma WT^ Clearly, Bfi{x, r) C D'. To show the second inclusion, we 
follow the line of reasoning given in 33, Proof of Theorem 3.4]. Replacing r 
by a slightly larger radius, we may assume that x e 17. Let y £ D' n Q and 
let a be a path in D' n connecting x to y. There exist finitely many points 
X = Xi,X2, ■ ■ ■ ,xn — y on the path a so that dQ,{xj-i,Xj) = d{xj-i,Xj) for all 
2 < j < iV. Let M < 2r be the diameter of a in (X, d). By Lemma each Xj 
can be joined to a point yj — {xj)2M G 17 with d{yj, 17 \ 17) > CuM/A by a path 
ttj of length dn{yj,Xj) < M/2. Set Yq = {yj : 1 < j < N} and 

U ^[jB{yj,CuM/A). 
3 

Let V be the family of connected components of U . There exists a constant 
C = C{Dy,Cu) such that for each j, we have 

y(yj,c„M/4) > CV{y,,3M/2) > CV{x,M). 

Hence jJP -CVix, M) < n{U) < Vix, 2M) and 

t^V <C'{Dy,Cu). 

We claim that if y^y' E Yq are in the same component V of U, then there 
exists a path /? connecting y to y' in V such that length(/3) < ciM for some 
constant ci > depending only on c„ and Dy. For z G Y we write ^(2) = 
B{z, c„M/4). Since 1^ is connected, there is a finite sequence y = zq, . . . , Zk = 
y' e YqCiV such that B{zi^i) f] B{zi) 7^ for all 1 < i < k. Passing to a 
subsequence we may assume that the balls B{zi) with even i are disjoint. Since 
there are at least fc/2 of these balls, we get 

^CV(x,M) < ^l{V) < ^i{U) < Vix,2M), 

so k < C" {Dy tCu). For each i, we can connect Zi^i to Zi by a path Pi in 17 
of length at most c„M/2. Now the conjunction of the paths Pi is a path /? of 
length at most 

length(;3) < kcuM/2 < aM. (7) 
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We define integers = jo < ji < ■ ■ ■ < js — N and distinct components 
Vi, . . . ,Vs of [/ as follows. Let Vi be the component that contains yi. Assuming 
that jn-i and Vn-i are defined, we iteratively define jVt to be the largest number 
j such that yj € Vn-i, and let Vn be the component that contains j/j„+i- 

For each 1 < i < s we have shown above that there exists a path 
connecting yji_i+i to yj^. Let 7 be the conjunction of these paths, the geodesic 
segments [xj^.Xj.^i], l<i< s— 1, and the paths a™ for to = 1, ji, + j2,i2 + 
1, . . . , js = N . Then 7 is path in ^l that connects x to y and has length 

length(7) < sciM + sM + sAf/2 < C"(ci + 2)M. 

This means that D' C ^^-^(a;, Cnr) with = 2C"(ci + 2). □ 



3.4 Green function estimates 

Recall that for an open set [/ C X, = is the Green function and is 
the heat kernel associated with (^Sjj , D{£lj)) . 

Theorem 3.10. Suppose {X, fi,i , D{£)) satisfies (A1)-(A2-Y), (VD) onY and 
(PI) on Y , and {£,D{£)) satisfies Assumptions\^ and\^ Let B — B{a,R) with 
B{a,2R) C Y. 

(i) For any fixed e £ (0, 1) there are constants c,C G (0, 00) such that for any 
x,y G B{a, (1 — e)i?) and < et < , the Dirichlet heat kernel pg is 
bounded below by 

pD{t^x,y) > ^ exp 

' - V{x,VtAR.) V t 

where R^ = d{x,B\ B)/2. 

(ii) For any fixed e e (0, 1) there are constants c,C € (0, 00) such that for any 
x,y £ B , t > (ei?)^, the Dirichlet heat kernel p^ is bounded above by 

(Hi) There exist constants c,C (0,oo) such that for any x,y Cz B , t > 0, the 
Dirichlet heat kernel p^ is bounded above by 

exp (—c^^^^^Y^j 

All the constants c, C above depend only on Dy, Py , C1-C7 and an upper bound 
on CsR^. 

Proof See [12] • □ 
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Lemma 3.11. Let B(a,2R) C Y. Then for any relatively compact, open set 
V C B{a,R), the Green function y H> Gv{x,y) is in -F^^S^^^ \ {^}) f^''' ^"2/ 
fixed X V . 

Proof. Wc follow [15j Lemma 4.7]. Recall that the map y H> py(<,a;,-) is in 
J^^{V). The heat kernel upper bounds of Theorem 13.101 imply that ^Gv{x, ■) G 
L^{X,^) for any continuous function ij) with compact support in X \ {x}. 
Indeed, by the set monotonicity of the kernel and Theorem I3.10[ there are 
constants c, C S (0, oo), depending on i?, such that for all t > i?,^ and z,y £ V, 

p^{t,z,y)<Ce-^'/''\ (9) 

and there are constants c',C" G (0,oo) depending on R such that for alH > 
and z,y G V, 

p^it,z,y)<G'e-^'/K (10) 

This shows that the integral ^Gvix, •) — ippY{t, x, ■)dt converges at and 
oo in L^{X,ii). Hence ij^Gvix,-) is in L'^{X,fi). 

Next, we show that the integral also converges in J^'^{V). Let ip be as above 
with the additional property that (ir(-0, ip) < d^ on X . For fixed < a < & < oo, 
set g = py(t,x,-)dt and observe that ■tpg.ip'^g e T^{V). By the Cauchy- 
Schwarz inequality, 



£i^g,,Pg)<2 / g'dT{ij,i;) + 2 / i;'dT{g,g)+ / i^'g^dn 
Jv Jv J 

<2supV'2 / f dT{g,g)+ f g'^dn 
\JKnv Jkhv 



Knv 

2 



<C [{~Lg)gdii + 2 ( g 
J J Knv 



C g{p^{a,x,-)-Pvib,x,-))dn + 2 g^d^ 

JKnv JKnv 



^C* / .9Py(a,a;, •)(i/i + 2 / g d^i. 
JKnv JKnv 

for some constant C > depending on sup -if^ . Now, observe that ©-([lU]) imply 
that ^ ^ 

/ 9'^d^i= I ( / pv{t,x,-)dt \ dfi 
JKnv JKnv \Ja / 

tends to when a, b tend to infinity or when a, b tend to (this is indeed 
the argument we used above to show that Gv{x, ■) is in L'^{X, dji)). The same 
estimates ((9|)- p0|) imply that /^^y gpy{a,x, ■)dfi tends to when a, b tend to 
infinity or when a, b tend to 0. This implies that the integral ipGvix^y) = 
%p Py{t,x, ■)dt converges in T^{V) as desired. □ 
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Lemma 3.12. (i) There is a constant C depending only on Dy, Py, C1-C7 
and an upper bound on C^B? , such that for any hall B{z, 2R) C Y , 

r^^' ds 

yx,yeB{z,R), GB(.,R){x,y)<C — ^ (11) 

(ii) Fix 9 G (0, 1). There is a constant C depending only on 6, Dy , Py , C1-C7 
and an upper hound on C^R^ , such that for any hall B{z, 2R) C Y , 

r^^^ ds 

yx,yeB{z,eR), GBi..B){x,y)>C — ^ (12) 

Proof. See |15l Lemma 4.8] and use the estimates of Theorem 13. 101 □ 

Recah that for an open set U C X, B[j{x, r) ~ {y E U : d[j{x, y) < r}, where 
du is the inner metric of the domain U. Let GBu(x,r) be the Green function on 
Bu{x,r). 

Lemma 3.13. Fix 9 e (0, 1). Let U C X be an open set. 

(i) There is a constant C depending only on 6, Dy, Py , C1-C7 and an upper 
bound on C^R^ such that for any B{z, 2R) C Y , 

R^ 

GBu(z,R){x,y) < GunB{z..R){x,y) < C ^^^ , (13) 

for all x,y eU n B{z, R) with d{x, y) > 9R. 

(ii) Let U be an open subset so that U C Y. Consider a ball Bu{z,2R) C 
Y and suppose that any two points in Bu{z,5R) can he connected by a 
{cu,Cu)-inner uniform curve in U, for some S < 1/3. Then there is a 
constant C depending only on 9, Dy , Py , Cu, C„, C1-C7 and an upper 
bound on CgR^ , such that 

Gbu{zM^^v) > '^ Y^^^j^y (14) 

for all x,y E Bij{z,6R) with d{x,X \ U), d{y,X \ [/) e {9R, 00) and 
duix.y) <dR/Cu. 

Proof. We fohow the hne of reasoning of [151 Lemma 4.9]. Set B — B{z,R), 
W = U O B{z,R). The upper bound ([T3l) follows easily from Lemma [3.121 and 
the monotonicity inequality Gw < Gb- By assumption, there is an ei > 
such that for any x, y as in (ii), there is a path in U from x to y of length less 
than Cudu{x,y) < 5R that stays at distance at least eiR from X \ U. Since 
x,y & Bu{z,5R) and 5 < 1/3, this path is contained in 

Buiz, R)ri{CeU : die, X\U)> eiR}. 
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Using this path, the Harnack inequahty easily reduces the lower bound (dH 
to the case when y satisfies d{x,y) = rjR for some arbitrary fixed t] G (0, ei) 
small enough. Pick r] > so that, under the conditions of the lemma, the ball 
B{x, 2riR) is contained in Bjj{z, R). Let W — Bu(z, R). Then the monotonicity 
property of Green functions implies that Gwi^^y) > GB[x,riR){x,y)- Lemma 
13.121 and the volume doubling property then yield 

Gw{x,y)>C- 



v{x,Ry 

This is the desired lower bound. □ 



4 Boundary Harnack principle 

4.1 Reduction to Green functions estimates 

Let (X, , D{£)) be a symmetric, strictly local, regular Dirichlet space and 
Y C X. Suppose (Al)-(A2-y), the volume doubling condition (VD) on Y 
and the Poincare inequality (PI) on Y hold. Suppose that {£,D{£)) satisfies 
Assumptions [1] and [2l We obtain that under these assumptions, local weak 
solutions of Lu = (resp. L*u = 0) in 1^ are harmonic functions for the 
associated Markov process and satisfy the maximum principle. This can be 
proved following the line of reasoning given in |13[ Theorem 4.3.2, Lemma 4.3.2] 
and using [211 Proposition V.1.6, Proof of Lemma IIL1.4]. 

Let be a domain so that Ti CY. For ^ e set Bn{£,, r) := B^^{S_, r)f^Vl. 

Let Cu e (0,1) and C„ G (l,oo). Let A3 == 2(12 + 12C„), Aq = A3 + 7, 
A-; = 2/cu + 1, and Ag = 2{Ao V TA^). Let p : — > be the natural projection 
{p{x) — X ioT X G n). For ^ G 51 \ fi, let R^ be the largest radius so that 

(i) Bip{0,AsR^)cY, 

(ii) B^{C,AQR^)^h, 

(iii) 12R^/cu < diamsi(ri)/2 if J7 is a bounded domain. 

(iv) Any two points in B^((^, 12 R^/cu) can be connected by a curve that is 
(cu, C„)-inner uniform in fi. 

FoT ^ e n\n a.nd < R < R^, let 

A;^.,^ M{\n{z) : z e Bn{C' , (4(1 + 2/c„)i?), e' eh\nn B^^i^, Mi?^)}, 
Afl(z)= inf ^f^{/\ where S = Bn(z, 2(1 + 2/c„)i?). 

Let 

Afl = (1 + CoCi/a)'' (^l + mi{e/a + ^ maxjCa, C3/a}} 
where a = min{l, \r.{\. 
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Theorem 4.1. There exists a constant A'l G (1, cxi) such that for any ^ G r2\ 57 

with > and any 

0<r<R< mi{R^, : ^' G B^{C, 7Ri) \ 

we have 

GY'ix,y) ^ , GY'{x,y') 
GY'{x',y)- 'GY'{x',y')' 

for all x,x' e Bn{^,r) and y,y' £ iln dnB^{£_,6r). Here Y' = B^{^,Aor). 
The constant A'l depends only on Dy , Py , Cu, Cu, Cq-Cj , and upper hounds on 
CsR^ and Ar- 

The proof of this theorem is the content of Section 14.21 below. It is based on 
the estimates for the Green functions in Section 13.41 

Theorem 4.2. There exists a constant A\ G (l,oo) such that for any ^ G r2\r2 

with R^ > and any 

0<r<R< inf{i?e : e B^^{C, 7R^) \ n}, 

and any two non-negative weak solutions u,v of Lu ^ in Y' = B^^{^, Aor) 
with weak Dirichlet boundary condition along B^{^,6r) \ fl, we have 

u{x) ^ ^ vjx) 
u{x') ~ v{x') ' 

for all x,x' G -Bo(C, The constant Ai depends only on the volume doubling 
constant Dy, the Poincare constant Py, the constants Cq-C^ which give control 
over the skew- symmetric part and the killing part of the Dirichlet form, the inner 
uniformity constants c„, Cu, and upper bounds on CsR^ and A^. 

Remark 4.3. (i) The hypothesis that R^ > can be understood as "local 
inner uniformity" . Clearly, i?^ > holds true at every boundary point 
of an inner uniform domain. Since the statement of Theorem l4.2l is local, 
it is natural to assume that only points near ^ need to be connected by 
inner uniform curves. 

(ii) A consequence of Theorem 14.21 is that the ratio ^ of the two local weak 
solutions u and v is Holder continuous. 

(iii) Applications to estimates of the heat kernel with Dirichlet boundary con- 
dition in inner uniform domains are given in the forthcoming paper |23| . 

Theorem 4.4. Let {X,d, p,,£ , D{£)) be a strictly local regular Dirichlet space 
that satisfies (Al), (A2-r), (VD) and (PI) on Y <Z X . Suppose {£,D{£)) 
satisfies Assumptions Q] and O Let D, d Y be an inner uniform domain in 
(X, d) . Let 57* be the compactification of 57 with respect to the inner metric. 
Then the Martin compactification relative to {£,D{£)) ofQ is homeomorphic to 
57* and each boundary point ^ £ VL* \ VL is minimal. 
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Proof. The assertion can be proved along the hne of [21 Theorem 1.1] using the 
boundary Harnack principle of Theorem 14. 2 1 □ 



Proof of Theorem \4-2\ Fix ^ £ and < r < i? as in the theorem. Fol- 

lowing the argument given in [1 , Proof of Theorem 1] , we show that for any 
weak solution u of Lu in y with weak Dirichlet boundary condition along 
B^{^,6r) \ f2, there exists a Borel measure I'u such that 

u{x) = GY'{x,y)dvu{y) (15) 

JnndnBi^(£,fir) 

for all X G n B^{^,r), where Gy is the Green function corresponding to the 
Dirichlet form (fy, , Let ^^'^^"^"(S-^'') ^.j^^ lower regularization of 

the reduced function 

^nnaf!Bj^({,6r)^_^^ _ inf{w(x) : v positive and L-superharmonic on Y' , 

v>u onnndnB^{^,6r)} 

of M on nr\dfiB^{^, 6r). Since u is a positive local weak solution of Lu = on Y' , 
u = ^^'^^"'^n^^'^'') quasi-everywhere on findnB^{^,6r), and ^^^^^^"■^"^^'^'"^ = 
on 17 \ dnB^{^,6r). Moreover, j^^nas,Bf,(c,6r) ^ ^ ^ ^ B^{^,6r) \ n hy 
assumption. Hence u = ^^^^"^f''^^'^'"-' on $7 H -Bq(^, 6r) by the maximum prin- 
ciple. As in [6J Proof of Theorem 5.3.5], one can show that there is a measure 
supported on 17 n dnB^{^, 6r), so that 



This proves (|T5|) . 

By Theorem 14. 1[ there exists a constant A[ € (1, oo) such that for all x, x' € 
i?n(C, and ah y, y' e 17 n dnB^{^, 6r), we have 

GY'{x,y) ^ , GY'{x,y') 
GY'{x',y)- ^GY'ix'.y'Y 

For any (fixed) y' G 17 n 9oi3^(^, 6r), we find that 

GY^{x'.y)du^{y) 

_ GY-{x,y') , ^ ^ 

We get a similar inequality for v. Thus, for all a;, x' £ Bq{^, r), 
1 u{x) GY'ix,y') , v{x) 

A[u{x') - GY'{x',y') - ^v{x')' ^ ' 

□ 
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4.2 Proof of Theorem \4A\ 

We follow closely [T] and |T3] . Notice that the estimates for the Green function 
G in Section and the results in this section also hold for the adjoint G* . Let 
r2, Y be as above and fix some ^ G F n (17 \ fi) with > 0. 

Definition 4.5. For jy e (0,1) and any open set U C X, define the capacity 
width Wrf{U) by 



WniU) = mf <^ r > : Vx e (7, ' ' " ,— ^, >v\- 

Note that Wjj{U) is a decreasing function of 77 e (0,1) and an increasing 
function of the set U. 

Lemma 4.6. There are constants Ai £ (0, 00) and rj £ (0, 1/3] depending only 
on Dy, Py 7 Cu, Cu,Cq-Ct, and upper hounds on Cg,E? and Ar, such that for 
allO<r <R< 2R^, 

w,{{y e B^i^R) : d{y,h\n) < r}) < Ajr. 

Proof. We follow [HI Lemma 4.12]. Let Yr ^ {y £ B^{^, R) : d{y, <r} 
and y e F,.. Since r < c„diamf2(r2)/12, there exists a point x £ such that 
dn{x,y) = 4r/c„. By assumption, there is an inner uniform curve connecting y 
to X in Let z e 17 H dnB^{y, 2r/c„) be a point on this curve and note that 
dn{y,z) = 2r/c„ < dnix,y) -da{y,z) < dn{x,z). Hence, 

dn(z,Vl \ Vl) > Cumm{d^{y,z),dniz,x)} > 2r. 

So for any y £ Yr there exists a point z £ Q D dnB^(y,2r/cu) with d{z,Q \ 
n) > 2r. Thus, B{z,r) C B{y,A7r) \ Yr if Aj = 2/c„ + 1. The capacity of 
B{y, Air) \ Yr in B{y, 2A7r) is larger than the capacity of B{z, r) in B{y, 2A-jr), 
which is larger than the capacity of B(z,r) in Blzj^A^r). Thus, by Theorem 



CfiPB{yaAvr){B{y,Arr)\Yr) ^ CapB{z,3A,r){B{z,r)) 



CapB(.y,2Ayr) {B{y, Arr)) CapB(j^ a^yr) {B{y, A^r)) 

> Ayr l V{z,r) ^ 1 
- ^V{y,2A7r) A SAjr " 3' 

This shows that Wjj{Yr) < const • Ajr for some 77 G (0,1/3]. Notice that the 
hypotheses of Theorem 13.31 are satisfied because B{z, QA^r) C B{£^, 7AiR) C 
B{^, AsR^) C F by assumption. □ 

Write w{U) wi{U) for the capacity width of an open set U C fl. 

The following lemma relates the capacity width to the L-harmonic measure 
uj. A similar inequality holds for the L*-harmonic measure cj*. We write f ^ g 
to indicate that eg < f < Cg, for some constants c, C S (0, 00) that depend 
only on Dy, Py , Cu, Cu, Cq-Cy, and upper bounds on C^R^ and Ar. 
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Lemma 4.7. There is a constant ai(£'y, Py, Cq — Cr, CgR^) such that for any 
non-empty open set U d X and any ball B{x, 3r) C Y with x€U,0<r<R, 
we have 



^unB{x,r){x,U n {B{x,r) \ B{x,r))) < exp(2 - air/w(U)). 

Proof. We follow [T] Lemma 1] and [121 Lemma 4.13]. We may assume that 
r/w{U) > 2. For any k e (0, 1), we can pick w{U) < s < w{U) + k so that 



C&PB{y,2s){B{y,s)\U) ^ ^ 

^=^= — V y € U. 

Ci^PB{y.2s)iB{y.s)) 



Consider a point y & U such that B{y^ 3s) C Y and let E — B{y, s) \ U . Let ue 
be the equilibrium measure of i? in S = B{y,2s). We claim that there exists 
A2 > such that 

GBi^E>A2ri onB{y,s). (17) 



Let F — B{y, s) and be the equilibrium measure of F in B. Then, by the 
Harnack inequality, for any z with dly, z) = 3s/2, we have 



Hence, 



and 



GbM^) = / GBizX)i^FidO - GB{,z,y)MF) 



GbMz) - / GB{.zX)vE{dO - Gb{z,v)ve{E). 



Moreover, since vpiF) — Cap5(F), the two-sided inequality ([4]) and Lemma 
I3.12l vield that Gbi^f(z) — 1. Hence, by definition of s, for any z G B{y,3s/2)\ 
Biy,3s/2), 

^ I ^ Gbve{z) _ ve{E) CupBiE) 

Gbve{z) X — X — - X — > 7?. 

Gbvf{z) vf(,F) CapsiP) 

This proves P7)) . 

Now, fix a; € [/ such that B(x, 3r) C Y . For simplicity, write 



w(-) = uJur\B{x.r){-, U n {B{x,r) \ B{x,r))). 

Let k be the integer such that 2kw{U) < r < 2{k + l)w{U), and pick s > w{U) 
so close to w{U) that 2ks < r. We claim that 

sup {w} < (1 - A2r]y (18) 

UnB(x,r-2js) 

for j = 0, 1, . . . , fc with ^2,77 as in ^7^. Note that for j = k, ([18]) yields the 
inequality stated in this Lemma: 

w(a;) < (1 - ^2??)'' < exp (\og{{l - ^2??)^^)) < exp(-air/w(C/)), 
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with ai = -(log(l - ^2?7))/2. 

Inequality (jl8|) is proved by induction, starting with the trivial case j = 0. 
Assume that (|18p holds for j By the maximum principle, it sufhces to prove 

sup {uj} < (1 - A27jy. (19) 

Un{B(x,r-2js)\B{x,r-2js)) 

Let ye Ur\{B{x,r- 2js)\B{x,r-2js)). Then ^(y, 2s) C B{x,r-2{j-l)s) 
so that the induction hypothesis implies that 

w < (1 -^2?7)^^^ on U C^Biy, 2s). 

Since w vanishes (quasi-everywhere) on ([/ \ [/) n B{x, r) D {U\U)n B{y, 2s), 
the maximum principle implies that 

^(b) ^ Ld{a)ujunB{y.2s){b,da) 

J (UnB(y,2s))\{UnB(y,2s)) 

< (1 - A2riy-^Uur,B(v,2s) {b, U n {B{y,2s) \ B{y, 2s))) 
for any b E V O B{y, 2s). To estimate 

u^^^UnBiy,2s){-,Un {B{y,2s)\B{y,2s))), 
on U O B{y, 2s), we compare it to 

V = I - GB{y,2s)'^E, 

where, as above, i^e denotes the equilibrium measure of E = B{y, 2s) \U in 
B{y, 2s). Both functions are L-harmonic in U O B{y, 2s), and it holds u < w on 
{U n B{y, 2s)) \ {U n B{y, 2s)) quasi-everywhere (in the limit sense). By pT)). 
this implies 

u = LUunBiy.2s)i; U n {B{y, 2s) \ B{y, 2s))) < w < 1 - Ajr; 

on U r\B{y,2s). Hence, 

w < (1 - As??)^' on ;7nB(?/,2s). 

Since this holds for any y £ U r\{B{x, r — 2js)\B{x, r — 2js)), (fTO)) is proved. □ 

Lemma 4.8. There exist constants A2,A^ e (0,oo) depending only on Dy , 
Py , Cq-Ct, Cu, Cu, and upper bounds on C^E? and An, such that for any 
< r < R < and any x G Bn{S,, r), we have 

V(f r) 

io{x,nn dnB^i^, 2r),B^{^, 2r)) < A2^^GB^ii,CnA,r)ix, 

Here ^ig^ is any point in with (in(C,Ci6r) — 4r and 

dialer, X \ n) = dialer, X \Y')> 2c„r. 
A similar estimate holds for the L* -harmonic measure uj* . 
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Proof. We follow [D Lemma 2] and [13 Lemma 4.14]. Let A3 = 2(12 + 12C„) so 
that all (c„, C„)-inner uniform paths connecting two points in 12r) stay 

in B^{^,A3r/2). RecaU that Y' = B^{£,,Aor), where Aq ^ A3 + 7. For any 
z e B^{^,A3r), set 

G"(z) = GB~^{^.A3r)iz,S,ier)- 

Let s = min{c„r, 5r/C„}. Since 

B^iUr^s) C B^{(,A3r)\B^{^,2r), 
the maximum principle yields 

Vj/eS^(^,2r), G'(2/)< sup G'(2). 

ze9n-Bj2(5i6,,,s) 

Lemma l3.13l and the volume doubling condition yield 

sup G'(z) < C-^, 



for some constant G > 0. Hence, there exists ei > such that 
yyeB^{^,2r), e,^^%^G' (y) < e-\ 



Write 



where 



j>0 



Uj = |x e r' : exp(-2J+i) < ei^^^Cix) < exp(-2^) 

Let Vj = (U/c>j Uk^ n 2r). We claim that 

WniVj) < A^rexp {-2^ /a) (20) 

for some constants A4,a £ (0, 00). 

Suppose X € Vj. Observe that for z € dfiB^{^iQr, s), by the inner uniformity 
of the domain, the length of the Harnack chain of balls in i?^(^, Aar) \ {■^ler} 
connecting x to z is at most A5 log(l + AQr/d{x,X \ Y')) for some constants 
Aq,Aq £ (0,00). Hence, there are constants £2,63,(7 such that 

exp(-2^) > e.^G'ix) > e/-^G'iz^ f^i^^^Xr') 



>e3 



d{x,X\Y') 
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The last inequality is obtained by applying 13.131 with R = A^r and S = 5/A3. 
Now we have that for any x G Vj, 

d{x, X \ Vj) < d{x, X\Y')< {e'^^" cxp{-2^ /a)r) A 2r. 

This together with Lemma yields ([201) ■ 
Let Rq = 2r and for j > 1, 



6 ' 



k=l , 



Then Rj J, r and 



< C < 00. (21) 

Let = ^{-M n 2r), ^^-^(C, 2r)) and 

's'-iP : :r e L/, n B^,{i, i?,)} , if t/, n B^,{i^ R,) ^ 0, 

.0, if [/,nB^(^,i?,) = 0. 



Since the sets Uj n B^{^, 2r) coyer B^{^, 2r) and B^{^, r) C ^^^^(C, for each 
fc, to prove Lemma [4.81 it suffices to show that 

sup dj < A2 < 00 

where A2 is as in Lemma 14.81 

We proceed by iteration. Since wq < 1, we have by definition of C/q, 

r'^uJo{x) 2 
do = sup < eie . 

C/onSf,(e,2r) V{i,r)G'{x) 

Let j > 0. For x G C/j-i H B^^{£^, we have by definition of dj^i that 

wo(^) <d,-i^^^^^G'(a;). 

Also, ujQ < 1. Thus, the maximum principle yields that, for x G Vjni?^(^, Rj-i), 

Vi^ r) 

cooix) < u:{x, V, n dnB^i^, R,~i),Vj n + d,_i^^G'(a;). (22) 
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For X e VjC] B^{^,Rj), let D = B{p{x),C^^{Rj^i - R^)) and let D' be the 
connected component of fl that contains x and so that £>' n is a connected 
component oi Dnn. Let I) ^ Y' n fl n D' . Then by Lemma [3^ 

DcD' C B^^{x, Rj^i - Rj) C 

hence D n 9oi3^(^, = 0. Thus, the first term on the right hand side of 

is not greater than 

Lo(x,v,f^Df^ dxB ( p{x), ^^2_l_Jh) ,v,nDnB( p{x), ^'"^ " ^' 



2Cri / V 2Cn 



< exp 2 - 



cLi Rj—1 — Rj 



2Cn w^{Vj n D) 

< exp I 2 



cLi Rj—1 — Rj 



0-1 jnj J 1 — 



2^2 w^{Vj) 

^^^P('-2t^^^P(''/^) 
< exp (2 - egj"^ exp(2V(T)) 



by Lemma Wl\ monotonicity of U ^ w,^{U) and (^0]) . Here ee = Tr^Alcn ' ^^^'^ 
9x^3 denotes the boundary of B in {X,d). Moreover, by definition of Uj, 

for x e Uj. Hence, for x £ Uj Ci -85(^1 Rj), (l22)) becomes 

Wo(a;) < exp (2 - egr' exp(2Va)) + dj_,}^^^G' (x) 

< (ei exp (2 + 2^+1 - egr' exp(2Va)) + ^^^^G'(x). 
Dividing both sides by ^^^-%^G'(a;) and taking the supremum over aU points 

xeU,nB^i^,Rj), 

dj < ei exp (2 + 2^+^ - eej^^ ex.p{2^ /a)) + dj-i, 
and hence for every integer i > 0, 

by (EI]). □ 

Proof of Theorem \4.1\ We follow [HI Theorem 4.5] and [T, Lemma 3]. Recall 
that Aq = A3 + 7 = 2(12 + 12C„) + 7. Fix (, e h\n with i?^ > 0, let 
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< r < iJ < M{R^, : C e B^{^JR^) \ n} and set Y' = B^{^,Aor). Note 
that any two points in B^{S^, 12r) can be connected by a (c^, C(7)-inncr uniform 
path that stays in B^{^, A3r/2). 

Fix X* e Bn{^,r), y* e n n dnB^{^,6r) such that cir < d{x*,h\ n) < r 
and Qcqv < d{y*,n \ fi) < 6r, for some constants co,ci G (0,1) depending on 
Cu and C„. Existence of x* and y* follows from the inner uniformity oi fl. It 
suffices to show that for all x E Bq{^, r) and y E ilD 9nBj^(^, 6r) we have 

Fix y G r2 n 9oi3^(^,6r), and call u (w, respectively) the left (right) -hand 
side of (|23|). viewed as a function of a;. Then u is positive and L*-harmonic in 
Y' \ {y}, whereas v is positive and L*-harmonic in Y' \ {y*}. Both functions 
vanish quasi-every where on the boundary of 

Since y* E^n dnB^{(, 6r) and 6cor < d{y*,n \n) < 6r, it follows that the 
ball B^{y* ,3cor) is contained in B^{^,9r) \ B^{^,3r). Let z E da,B^(y* , c^r) . 
By a repeated use of Harnack inequality (a finite number of times, depending 
only on Cu and C„), one can compare the value of at z and at a;*, so that by 
Lemma [3. 131 (notice that d{x* ,y) > Cir) and the volume doubling property, 

v(z) < Cv{x*) = CGY'{x*,y) < C 



Now, iiy E B^{y* ,2cor), then by Lemma [3 . 1 31 (notice that dn{z,y) < 3r < 
and z,y E B^{^,Aor/6)) and the volume doubling property, 

u{z) = GY'{z,y) > c 



so that we have u{z) > c'v{z) in this case for some c' > 0. If instead y E 
fl \ B^^{y* , 2cor), then we can connect z and x* by a path of length comparable 
to r that stays away (at scale r) from both \ $7 and the point y. Hence, the 
Harnack inequality implies that u{z) x u{x*) = v{x*) x v{z) in this case. This 
shows that we always have 

u{z) > ezv{z) yz E dnBa{y*,cor). 

By the maximum principle, we obtain 

u>e3V onY' \B^{y*,car). 

Since BQ{£^,r) C Y' \ B^^{y* ,CQr), we have proved that u > e^v on B^(^,r), 
that is, 

GY'{x,y) > es^^^^l^Gy,{x,yn (24) 
GY'[x*,y*) 

for all x E Bn{^, r) and y G 17 n dnB^{^, 6r). This is one half of 
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Wc now focus on the other half of (P^ . that is, 



eiGY'{x,y) < ^Ilj^l2y}^Gy,{x,y*), (25) 
GY'{x*,y*) 

for all X e -Bn(^, r) and y G n dnB^{^, 6r). 

For X € _Bo(^, 2r) and z G 9r)\i?^(^, 3r), Lemma fS-lBl and the volume 

doubling condition yield 

Gy'(x,z) < G- 



Regarding Gy'{x, z) as L-harmonic function of the maximum principle gives 

Gv'i-.z) < Gy^io{;nndnB^^i(,2r),B^^i(,2r)) on B^^i(,2r). 

Using Lemma 14.81 (note that Aq > A3) and the Harnack inequality (to move 
from ^i6r to y*), we get for x e _B[2(^,r) and z £ B^{£_,9r) \ B^{£_,3r), that 

V(£ r) 

GY'ix,z) < GA2——^^GY'ix,£ier) < G'Gy- (a;, y*), (26) 

for some constant C" G (0,oo). Fix x G Bn{£,,r) and y G n dnB^{£,6r). If 
dn(y,X\f^) > cor/2, then Gy-(a;,y) x Gy.(a^,y*) and Gy.(x*,y) x Gy.(x*,y*) 
by the Harnack inequality, so that ([25]) follows. Hence we now assume that 
y G f2 n dfiB^{£_, 6r) satisfies dn(y, X < cor/2. Let ^' G \ be a point 
such that do(y,^') < cor/2. It follows that y G Bfi{£_',r). Also, 

i?^(e',2r) C i?fi(y,3r) C B^,{^,9r)\ B^{^,3r). 

We apply inequality ([26l) to get Gy (x, z) < G4Gy' (x, y*) for any z G B^(^', 2r). 
Regarding GY'{x,y) = GYi{y,x) as L*-harmonic function of y, we obtain 

GY'{x,y)<GiGY'{x,y*)u*{y,nc^^nB^{£,',2r),B^{i\2r)). (27) 

Let us apply Lemma [4.81 with f replaced by f'. This yields 

Vi£' r) 

a;*(y, ^ n a^,i?^(e', 2r), B^(e', 2r)) < A^^^G*^^^^^^, ^CaA,r){y^ Cie.) 

<^2-^^GyKC;6.,2/), (28) 

where ^Jg^ G f2 is any point such that dn(^igr, ^') = 4r and d(^26r j -'^\^) ^ 2cur. 
Observe that we have used the volume doubling property as well as the set 
monotonicity of the Green function, and that B^{^' , ^3?") C B^{£_, Aqt) because 
= A3 + 7 and dn{^,C) < 7r. Now, (gT]) and ^ give 

V(£ r) 

GY'{x,y) < G5^^GY'{ewr,y)GY'{x,y*). (29) 
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By construction, dni^'ier^v) > d{Ci6r,C) - dn{£,',y) > 2r and dn{x*,y) > 
dci{£.,y) — dcii^,x*) > 5r. Using the inner uniformity of 51, we find a chain 
of baUs, each of radius x r and contained in Y' \ {y}, going from x* to ^jg^, so 
that the length of the chain is uniformly bounded in terms of c„, C„. Applying 
the Harnack inequality repeatedly thus yields Gyider^v) ^ G'y(x*,y). As 
Lemma EH gives GY'{x*,y*) x r'^/V{^,r), inequality 1^ implies (HH). This 
completes the proof. □ 
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